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Abstract 

An infinite sequence of new non-local conserved quantities for N = 1 Super KdV 
(SKdV) equation is obtained. The sequence is constructed, via a Gardner trasfor- 
mation, from a new conserved quantity of the Super Gardner equation. The SUSY 
generator defines a nilpotent operation from the space of all conserved quantities 
into itself. On the ring of Cj^ superfields the local conserved quantities are closed 
but not exact. However on the ring of C^j^ ^ superfields, an extension of the Cj^ 
ring, they become exact and equal to the SUSY transformed of the subset of odd 
non-local conserved quantities of the appropriate weight. The remaining odd non- 
local ones generate closed geometrical objects which become exact when the ring is 
extended to the 2 superfields and equal to the SUSY transformed of the new 
even non-local conserved quantities we have obtained. These ones fit exactly in the 
SUSY cohomology of the already known conserved quantities. 

1 Introduction 

Supersymmetric integrable systems are an interesting scenario to analyze ADS/CFT cor- 
respondence [1], in particular in relation to = 4 Super Yang-Mills models. Super 
conformal algebras are also realized in Super KdV equations(SKdV) [21 El H]. SKdV 
equations are also directly related to supersymmetric quantum mechanics. In fact, the 
whole SKdV hierarchy arises from the asymptotic expansion of the Green's function of 
the Super heat operator [5]. 
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One of the main properties of the integrable systems is the presence of an infinite 
sequence of conserved quantities. 

For SUSY integrable systems the complete structure of conserved quantities has not 
been understood. 

For N = 1 SKdV an infinite sequence of local conserved quantities was found in [2j. It 
was then observed, by analyzing the symmetries of SKdV, the existence of odd non-local 
conserved quantities Pi E] . In [S] they were obtained from a Lax formulation of the Super 
KdV hierarchy and generated from the super residue of a fractional power of the Lax 
operator. 

In [9J all these odd non-local conserved quantities were obtained from a single conserved 
quantity of the SUSY Gardner equation(SG), which was introduced in [2], see also [TO] . 
So far only two conserved quantities of the SG equation are known, the one generating 
all the local conserved quantities of SKdV, it is of even parity and of dimension 1, and 
the above mentioned one of odd parity and of dimension i. 

In this paper we introduce a new infinite sequence of non-local conserved quantities of 
= 1 SKdV. We construct them via a Gardner map [llj, from a new conserved quantity 
of SG. It is non-local and it has even parity and dimension 1. We then introduce the 
SUSY cohomology in the space of conserved quantities and obtain the relation between 
all the conserved quantities local, odd non-local and even non-local. In this sense it is 
natural the introduction of the new even conserved quantities. The SUSY cohomology 
we introduce here is used for the = 1 KdV system, however several of the arguments 
are general, beyond SKdV, and we expect they will be useful in the analysis of other 
integrable systems. 

In section 2 we present basic definitions, in sections 3 and 4 the new conserved quan- 
tities and in section 5 the SUSY cohomology. 

2 Basic facts 

A first step in order to analize = 1 SKdV and its known local and odd non-local 
conserved quantities is to consider the ring of polynomials with one odd generator oi and 
a superderivation D defined by Dan = (n G N). The elements a„ have the same 
parity as the positive integer n and satisfy a„ia„2 = ±On2'^ni with a minus sign only in 
the case when rii and n2 are odd. On the products D acts following the rule D(a„^a„2) = 
(Da„Ja„2 + (— l)"^a„i-Da„2. The explicit algebraic presentation is given by the ring A of 
elements of the form 6(ai, 02, . . .), with b any polynomial, and D = + o,3'£^ + ■ ■ ■ 

A second step to complete the construction is to extend the ring A with a new set of 
generators of the form A„ = D~^hn, with /i„ being the non trivial integrands of the known 
even local conserved quantities. An element of the new ring ^ is a polynomial of the form 
6(ai, 02, ... , Ai, A3, . . .) and the corresponding superderivation is given hj D = D + P with 
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This algebraic presentation is directly connected to the analytical one by the substitu- 
tion ai ^ $, where $ is a superfield, that is, a function $ : M ^ A, with A a Grassmann 
algebra one of whose generators 6 has been singled out. In this setting D = ^ + 9-^ and 
9) = ^{x) +9u(x), with t an implicit variable. The parity of the generator ai requires 
^ to be odd and u to be even for each a; G M. 

The covariant derivative D has the property = acting on differentiable super- 
fields, and the generator of SUSY transformations Q = — ^ + satisfies DQ + QD = 0. 

In order to realize "integration" the ring of infinitely differentiable superfields C°°(]R, A) 
must be restricted. We then introduce the ring of Schwartz superfields, that is, 

C?°(M,A) = 1$ G C°°(M,A)/ lim x^^^^ = 

for every p,q > 0. The "superintegration" in this space is well defined and we write 
J ^dxd9 = udx. It is natural to introduce the space of integrable superfields C^(R, A) = 
{$ G C°°(M,7V)/^$ G q°°(M,A)} and clearly (M,A) C Cf{R,A). 

The next ring to be considered allows us to deal with the known odd non-local con- 
served quantities. We introduce then the ring of non-local superfields C^^]^(M, A) = 
{$ G C°°(R,A)/D$ G (R,A)}. We have q°°(M,A) c C^ii(M, A) c (M,A). If 
\1/ = f/ + 9V G C^]^ ^(M, A), we take, as in the case of integrable superfields / ^dxd9 = 
J^oo ^d,x. In conclusion, for a given superfield to be integrable it is sufficient that the 
application of ^ = -D|e=o to it gives a Schwartz superfield. 

The crucial fact we use in the formulation for next sections is that Cj^(]R, A) is an 
ideal of C]^i^i(R, A). 

We remind that a candidate for a conserved quantity (for example in the CJ^(]R, A) 
ring) associated to a given partial differential equation (PDE) 

<I>i = A;($,D<l>,Z}2$,...) (1) 

may be presented by H = J h{^, D^, D^^, . . .)dxd9 {k,h G Cj^(R,A)). Then, if is a 
conserved quantity if Ht = 0, which is equivalent to have j^\s=oH{^ + s^) = whenever 
'i!{x,t) = -^^{x,t) = k(^(x,t), D^(x,t), . . .). In terms of functional derivatives a neces- 
sary and sufficient condition for ii to be a conserved quantity of ([T]) is to have 6h = Dg 
for some g G C|°(R, A). This condition is used in section 4. 

To describe the known local conserved quantities the last setting is sufficient and the 
ring A may be reduced by considering only polynomials of the form b{ai, 02, . . .). 

For the study of the known odd non-local conserved quantities we must consider the 
complete ring A. For example, the fourth odd non-local known conserved quantity is 
given by 



/ {^^^'^'^^^ ~ + {D-^<^)D-\<^D'^)^ dxd9, 



(2) 
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and the terms and clearly belongs to the ring extension ^ mentioned 

before, where $ = /ii and $D$ = h^. We put = Ai = in accordance with 

notation of [9]. The formal analysis of this type of conserved quantities is similar to the 
local ones but in this case the ring ^^(R, A) plays a fundamental role. 

To obtain the known local and non-local conserved quantities we start with the pair 
of SuperKdV and Super Gardner equations given by 

$^ = L)6$ + 3D2 (3) 

and 

Xt = D\ + ^D\xDx) - ^e\Dx)D\xDx). (4) 

with e a given parameter and x = cr + another odd superfield p]. 
([3]) and (jl]) are connected by the Super Gardner map given by 

$ = X + eD\ - e\Dx. (5) 

It holds 

- _ ($D<I>) = [1 + _ e2 ^ . 

whenever $ and x are related by ([5]). We recall that ([5]) maps solutions of (jl]) into ([3]). 
The inverse is also true if we restrict the space of possible solutions of (jl]) to formal series 
X = '^"t'^]^"- / xdxdO is a conserved quantity of (jl]), it induces the infinite known 

local conserved quantities for ([3]). In the language of [9J the right members of ([3]) , (jl]) , ([5]) 
are denoted by g, f, r respectively, with g E A and /, r G ^[e]. Condition ([6]) is equivalent 
to g o r = r'f and is necessary and sufficient for ([5]) to map solutions of Super Gardner 
to SuperKdV. 

In [9j it was shown that J exp*^*^^ dxdO is also a conserved quantity for (jl]). This 
induces the known infinite sequence of odd non-local conserved quantities of SKdV. 



3 Infinite sequence of new non-local conserved quan- 
tities of SKdV 

We will introduce in this section a new non-local conserved quantity of the Super Gardner 
equation. From it, following the previous section, we may obtain an infinite set of new 
non-local conserved quantities of SKdV. There are two already known conserved quantities 
of the Super Gardner equation. The first one [2] provides the infinite set of local conserved 
quantities of SKdV equation. The other one P give rise to the infinite set of odd non- 
local conserved quantities of SKdV, originally found in [6] and also obtained from the Lax 
operator in fS]. This two conserved quantities of Super Gardner equation exhausts all the 
known conserved quantities of SKdV equation. We will now introduce a new infinite set 
of even non-local conserved quantities of SKdV. 
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The quantity Hq, 



G 



D 



-1 



2? 

cxp(-eD-ix)-l 



+ 

dxdO 



(7) 



where x ^ , exists and is conserved by every solution of the Super Gardner equation. It 
has the same parity as the local conserved quantities and opposite to the already known 
non-local conserved quantities of SKdV. When we apply the inverse Gardner transfor- 
mation we obtain an infinite set of well defined even non-local conserved quantities of 
SKdV. 

The terms 

exp {eD^^x) + 6xp {—eD~^x) ~ 2 



D 



-1 



and 



D 



-1 



2e2 



exp {-eD ^x) - 1 



do not belong to but to 2 



{$ e C°°(M,A)/L'2$ e C|«(M,A)}. 
Although each term is not integrable the complete integrand belongs to Cf. 
We notice that ([7]) may be rewritten as 



G 



2 



D 



exp {eD x) - 1 



exp {-eD x) - 1 



dxdO. 



(8) 



We may then perform the 9 integration and obtain 



G 



1 



D 



exp {eD V) - 1 



D 



-1 



exp {-eD V) - 1 



dx 



(9) 



which under the assumption x ^ C*]^ is a well defined integral. The first two new conserved 
quantities of Super KdV which may be obtained from the inverse Gardner transformation 
are 

(10) 



= j ^D-\<!>D-^<!>)dxd9, 



-lD'^^D-'<!?f + l{D-^<^fD-\D~'^y 



dxdO 



(11) 



which exactly agree with the two non-local conserved quantities obtained in [12] by the 
supersymmetric recursive gradient procedure. The proofs of existence in |12] for the 
recursive gradient procedure were only given for local conserved quantities, there are no 
proofs in the literature for the recursive gradient procedure involving non-local quantities. 
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Hence the existence of the infinite set of conserved quantities is not guaranteed from that 
approach. 

(|TT]) may be rewritten using ([8]) as 



H. 



NL 



D 



-1 



2 2 ^ ^ A ^ ^ 



dxdd. 



(12) 

where the integrand is manifestly in Cf- 

In the next section we prove the claims of existence and conservation of Hq and 
consequently of the new set of infinite conserved quantities of SKdV. 



4 Conservation of Hq under the Super Gardner flow 

The proposed non-local quantity Hq for Super Gardner, written in terms of an appropriate 
analytical extension of the ring A (we make use of an abuse of notation taking D~^x ^ 
Co, X ^ cti an so on), is defined by 

he = (exp^'^o -1) D-^ (exp-^'^o -l) + D"^ (exp^"« + exp"^"" -2) . (13) 

For ka to be integrable, ha £ CT, it mu=t =atirfy, ±ka £ C^. From a, „ , = . H- Ou. 

and D^^ai = ao = J^^ w + 6a it follows that 6'"° - 1 G Cf. The inclusion 



06' 



D-'—Cf c q 



oo 



gives D-^-^ (e^"o - 1) G Cf. 



'I 

Using D~^^ + ^D^^ = the identity operator , we compute 



^ = + (e-o-l)(/-D-i^)(e-o-l) + (/-D-i^)(e- + e--2) 

= Cf + (e'"° - 1) (e"'"" - 1) + (e'"o + e"'"" - 2) 
= Cf. 

This proves that the proposed non-local conserved quantity is integrable. 

Next it must be shown that when ai is replaced by ai + sf and oq by ao + sg we have 

^ r°/^G («o + sg, ai + sf, a2 + sDf, . . .) G DCf . 

Using 5fl{ao, Oi, . . .) to denote (ao + sg, ai + sf, a2 + sDf, . . .) for any f^(ao, ai, . . .), 

we have 

l^e'''^ = (e™o) g. 
e 



Thus 

-5hG = e^^^gD-^ (e"'"" - l) + - 1) D'^ (-e"'"°i/) 

However L)(e"''«)(Fo + eFi + e^Fg) = e'""^. 
Therefore, with F(e) = Fq + eFi + e^Fs, 

= (i?e^"°F(e)) L>-' (e"^"" - l) (e^"° - 1) e-^«°F(-e) 
+ e^"°F(e) -e-^"»F(-e). 

At this point it is crucial that F(e) e C|", as is e^"°F(e)£)~^ (e~^"° - 1) . Therefore, except 
for a term in DC^, 

-5hG = e^"°F(e) (e"^"" - l) - (l - e-^"^) F(-e) 
+ e^"«F(e) - e"^"«F(-e) 

= F(e) -e^"°F(e) -F(-e) +e-^"oF(-e) 
+ e'"°F(e) -e-'"°F(-e). 

Having arrived at 

i(5/iG = F(e)-F(-e)=2eFi, 

with Fi — 0104 — 0203 = — D(aia3). 

This verifies that Sha & ^^T^ showing in last term that 

j hadxde = J {(e'"° - 1) D'^ (e"'"" - l) + ^"^ (e'"" + e"'"° - 2)}^^^^_,^(ixci^ (14) 
is indeed a non-local conserved quantity for the Super Gardner equation 

with / having the particular expression given by 

/ = (a? + 3aia4 + 80203) — 3e^ (010204 + O2O3). 



5 The SUSY cohomology on the space of conserved 
quantities 

The invariance under supersymmetry of SKdV equations implies that the SUSY transfor- 
mations of conserved quantities are also conserved quantities. That is, if if = j h,h ^ Cf-, 
is conserved under the SKdV flow then 

5qH ■= J Qh 

is also a conserved quantity. 

The operation Sq acting on functionals of the above form is well defined since under 
the change, leaving H invariant, 

h h + Dg 

with g G Cj^, we have 

Qh^Qh + QDg = Qh + D{-Qg) 

where Qg eC^. 

6q is a superderivation satisfying 6q6q = 0. In fact, 

6Q6nH = [Q'h = -deh\^^ = 



since h e Cf . 

For the local conserved quantities of SKdV, which we denote H2n+i{^),'n = 0, 1, ... , 
we have 

(5Qfi2n+i(<f) = 0,n = 0,l,..., (15) 

where the index 2n + 1 denotes the dimension of H2n+i- 

If we consider the ring Cf of superfields, H2n+i is closed but not exact. However if we 
extend the ring to the superfields Cf^^^, Cf C Cfj^^^, then H2n+i becomes exact and it is 
expressed in terms of 6QH2n+^,n = 0, 1, . . . where H^_^_i,n = 0, 1, . . . denote the odd non- 
local conserved quantities of SKdV [SI El E], they have dimension n + ^. The remaining 
H^J^3,n = 0, 1, . . . plus a polynomial of lower dimensional conserved quantities is closed 

but not exact in Cfj^ ^, however if we extend the ring of superfields to Cfjj 2 they become 
exact and equal to ^gii^^j^, where H^n+i are the even non-local conserved quantities we 
have introduced in the previous section. They have dimension 2n + l. To obtain the exact 
relation between them we use the conserved quantities of the Super Gardner equation. 
We denote them d, Gf^ and Gf^. We have 
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Gl= / X = E^'"^2n+l (16) 



n=0 
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NL 



exp{eD x) - 1 



NL 



(17) 



exp(eD-ix)-l 



+ 



D 



-1 



n=0 

cxp(eD-ix)+cxp(-eD-ix)-2 
2? 

cxp(-eD-ix)-l 



+ 



n=0^ -"n+1 



where x ^ Cj^- 

The odd powers of e, in (fT8l) . do not provide new conserved quantities of SKdV. For 
example 



H 



—H Hz 



We then have 



1 2 2 

5qG, = I Qx = x\tl 



(19) 



hence we obtain ([15 
We also have 



NL 



exp(eGi) — 1 



(20) 



from which we obtain the relation between the odd non-local and local conserved quan- 
tities. In particular we get 

SqE^"^ = H,, (21) 



and 



that is 



2 



2 1 ^"^2 2 ' 



ttNL ^ TJ ttNL 

ri'i — —riirii 



0. 



(22) 



This is the generic situation , from (I2U]) . H2n+i,n = 0,1,... is expressed as an exact 
quantity in terms of Sq[H^J^i + S products of lower dimensional conserved quantities] 

while [H2n_^_3 + S products of lower dimensional conserved quantities] is closed in the ring 
C^j^i- If we extend the ring of superfields to then the closed quantity becomes 

exact and expressed in terms of n = 0, 1, . . . The integrand of H2n+i is expressed in 

terms of superfields in 2 with the property that the whole integrand belongs to C^. 
In the case of H^^i the integrand is expressed in terms of superfields in C^^, 1 *^ 

hence each term is integrable. For example, H^^ (see ffTOj) ) may be expressed as 



(23) 
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each term in the integrand belongs to 2' ^'^^ integrable but the combination is in 
Cf^. This expression is in terms of D^^h where h are the integrands of previously known 
conserved quantities if^i,if2n+i- In this particular case 



Hi 



NL 



NL 
n+ 



1 ) 



n 



This is also a generic property of H^^i^n = 0, 1, . . . and as we already knew of 

0, 1, . . . whose integrands may be expressed in terms of polynomials in D^^h where h are 
the integrands of the local conserved quantities H2n+i- 
From (|23|) we have 



1 



NL 



2/2 

that is, the closed quantity becomes exact in 2- Similar relations are obtained from 
(fT8|) for higher dimensional conserved quantities. The general formula is 



En r ttNL _ \^ 2n tt 



NL 

2n+-. 



n=0 



n=0 



1 

2^ 



exp ^62"+lif2n+l -1 



vra=0 



n=0 



We then have the following relations between the conserved quantities of SKdV equa- 



tion: 



Hi 



NL 



Hi 



NL 



H. 



HNL 

2 



NL 



m 

2 



Hi'' 



H. 



H^^ 

2 



Hj 



(24) 



Hi'' 



where the arrow denotes the action of 6q, up to lower dimensional conserved quantities 
as explained previously. 

The new conserved quantities H^^^, H^^ , ... fit then exactly in the SUSY cohomology 
of the previously known conserved quantities. 
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6 Conclusions 



We found a new infinite sequence of non-local conserved quantities of = 1 SKdV 
equations. They have even parity and dimension 2n + 1, = 0, 1, . . .. We introduced the 
SUSY cohomology in the space of conserved quantities: local, odd non-local and even 
non-local. We found all the cohomological relations between them. 

Although we consider = 1 SKdV, we expect the SUSY cohomological arguments to 
be valid in general for SUSY integrable systems. 
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